Abstract. Let G be a compact Lie group. We prove that if V and W are orthogonal
Introduction
A basic problem in the theory of transformation groups is to find necessary and sufficient conditions for the existence of a G-equivariant map between two G-spaces. Perhaps the most well-known result in the necessary direction is the celebrated Borsuk-Ulam theorem [1] , which states that if V and W are two orthogonal fixed-point free Z 2 -representations, then the existence of a Z 2 -equivariant map S(V ) → S(W ) implies that dim V ≤ dim W . This result has numerous and far reaching generalizations, see e.g. [9] , [10] for an overview. One such generalization, particularly interesting from the point of view of this note, is: Theorem 1.1 ([6] ). Let V and W be orthogonal representations of G = (S 1 ) k or G = (Z p ) ℓ , p a prime, such that V G = W G = {0}. If there exists a G-equivariant map S(V ) → S(W ), then ( * ) dim V H ≤ dim W H for any closed subgroup H ⊆ G.
On the other hand, sufficient conditions for the existence of G-equivariant maps between representation spheres have not been investigated nearly extensively. This is our starting point: we prove in Corollary 3.3 that ( * ) is sufficient for the existence of a G-equivariant map S(V ) → S(W ) for any compact Lie group G. It is not a new result in the sense that it can be extracted from the existing literature, see [3, Chapter II], although it is rather buried in the text. This, coupled with the fact that the second-named author has been inquired about converses to various versions of the Borsuk-Ulam theorem, makes us believe that it is worthwhile to carefully spell the details out.
A corollary to the discussion above is that if G is a torus or a p-torus, then ( * ) is equivalent to the existence of a G-equivariant map S(V ) → S(W ). When G is a torus, we reinterpret this result in terms of divisibility of Euler classes of V H and W H in H * (BG; Z). This angle of research has been pursued previously in various guises, e.g. by Marzantowicz [8] (in the same setting, for G a compact Lie group) and Komiya [4] , [5] (with K-theoretic Euler classes, for G an abelian compact Lie group). However, in each case only the necessary criteria were described.
2. Preliminaries 2.1. Notation. Let G be a compact Lie group. If H ⊆ G is a closed subgroup, then NH denotes the normalizer of H in G and W H = NH/H the Weil group of H. Given a G-space X, write O(X) for the set of isotropy groups of X. If H ∈ O(X), then (H) stands for its conjugacy class, referred to as an orbit type. There is a natural partial order on the set of orbit types of X, namely:
(H) ≤ (K) if and only if K is conjugate to a subgroup of H.
Recall that a finite-dimensional G-complex is a G-space X that possesses a filtration
is called the k-skeleton of X and the integer n is the (cellular ) dimension of X.
Observe that if X is a G-complex and H ⊆ G is a closed subgroup, then X H = {x ∈ X | hx = x for any h ∈ H}, the H-fixed point set of X, is a W H-complex, while
The cellular dimension of X (H) as a Gcomplex is equal to the cellular dimension of X H as a W H-complex. We denote this dimension by d H (X).
2.2.
Euler classes calculus. Let G ֒→ EG → BG be the universal principal G-bundle and V an orthogonal G-representation. The Borel space EG × G V = (EG × V )/G, where the orbit space is taken with respect to the diagonal action, is a vector bundle with base space BG and fibre V . Provided that this bundle is R-orientable for some ring R, its Euler class, denoted e(V ), is called the Euler class of V (over R).
Recall that any non-trivial irreducible orthogonal representation of G is given by
k , where the tensor product is considered over the field of complex numbers, and:
• V i stands for the irreducible complex G-representation corresponding to the projection G → S 1 onto the i-th coordinate, 1 ≤ i ≤ k, • V j denotes the j-th tensor power of a representation V ,
In particular, every non-trivial irreducible orthogonal G-representation is complex onedimensional and admits complex structure. Consequently, the latter is also true for any orthogonal G-representation V without a trivial direct summand, and it follows that the corresponding vector bundle EG × G V is integrally orientable. Now recall that
where
Using the facts that e(V ⊕ W ) = e(V )e(W ) and, for one-dimensional representations, e(V ⊗ W ) = e(V ) + e(W ), we see that the Euler class of
In particular, e(V ) = 0 if and only if V contains a trivial direct summand.
The existence of equivariant maps for compact Lie groups
Throughout this section G is a compact Lie group. We will be interested in the existence of G-equivariant maps between representation spheres. The main result of this section is Corollary 3.3, and the main ingredient in its proof is the following fact from equivariant obstruction theory.
Theorem 3.1 ([3, Chapter II, Proposition 3.15]). Let n ≥ 1 be an integer. Suppose that (X, A) is a relative G-complex with a free action on X \ A and Y is an (n − 1)-connected and n-simple G-space.
(1) Any G-equivariant map A → Y can be extended over the n-skeleton of X.
If f 0 and f 1 are G-homotopic, then there exists a G-homotopy betweenf 0 | X (n−1) and f 1 | X (n−1) extending the one between f 0 and f 1 .
As a matter of fact, Theorem 3.2 below is also formulated in [3, Chapter II], but its proof is spread throughout the text. We provide what we believe to be a more accessible treatment for the convenience of the reader. Theorem 3.2. Let X be a finite G-complex and Y a G-space such that Y (H) is non-empty for any minimal orbit type (H) of X.
Proof. (1) In order to construct a G-equivariant map f : X → Y , we will proceed inductively with respect to partial order on the set of orbit types of X.
If H is a representative of a minimal orbit type of X, then X H is a free W H-complex. 
where the last map is given by [gH, y] → gy (see [2, Chapter II, Corollary 5.12]). It is straightforward to see that any two distinct minimal orbit types (
where (H) runs over all minimal orbit types of X. Now choose K ∈ O(X) and assume inductively that f is defined on a subcomplex
By construction, f takes values in Y <(K) . In view of [3, Chapter I, Proposition 7.4], Gextensions of
is free, hence Theorem 3.1 applied to the relative complex
There are only finitely many orbit types, hence this process stops after a finite number of steps, producing a G-equivariant map X → Y .
(2) Let H ∈ O(X) be a representative of a minimal orbit type. Since Y H is pathconnected, any two NH-equivariant maps W H → Y H are G-homotopic. Therefore any two G-equivariant maps (X H ) (0) → Y H are also G-homotopic. It now suffices to successively apply the second part of Theorem 3.1 just as above.
As a consequence, we obtain the following corollary. 
(2) If, additionally, G is connected and for any H ∈ O S(V ) we have dim W H > 0, then any two G-equivariant maps S(V ) → S(W ) are G-homotopic.
Proof. Let H ∈ O S(V ) and note that the cellular dimension of the G-complex S(V ) (H)
is at most dim V H − 1, since this dimension is equal to the dimension of the orbit space Then K α is a (k − 1)-dimensional subgroup of G and T α is a (k − 1)-dimensional torus. Furthermore, let m α be the index of T α in K α . The number m α is in fact the greatest common divisor of the k-tuple α = (α 1 , . . . , α k ). In particular, it indicates whether V α is a tensor power of another irreducible G-representation Vα, whereα = (α 1 , . . . ,α k ) and α = m αα . LetÃ = {α | α ∈ A} and, forα ∈Ã, define H Ṽ α = {α ∈ A | m αα = α}. Geometrically, H Ṽ α corresponds to the set of α ∈ A such that T α = Tα.
for anyα ∈Ã, which shows thatÃ ⊆B. Furthermore,
Proof. In view of Theorem 1.
, where V ⊥ is the orthogonal complement of V in V ′ , we see that e(V ) also divides e(W ). Since dim V Kα ≤ dim W Kα for any α ∈ A, we infer thatÃ ⊆B. Thus in order to wrap this part of the proof up, it suffices to observe that dim V Tα ≤ dim W Tα for anyα ∈Ã.
" (4) ⇔ (5)". Note that if we view V Tα and W Tα as representations of
An analogous thing happens for W , which concludes the proof.
Remark 4.4. The implication "(4) ⇒ (3)" can be seen in a more geometrical manner. As observed above, (4) amounts precisely to the condition ( * ) for V Tα and W Tα viewed as representations of S 1 = G/Tα, for anyα ∈Ã. Therefore Corollary 3.3 implies the existence of an S 1 -equivariant map f Tα : S(V Tα ) → S(W Tα ), which can be considered as a G-equivariant map. Consequently, the join construction
yields the desired G-equivariant map. On a related note, the implication "(5) ⇒ (2)" is a purely algebraic fact and can be derived directly, without any geometrical interpretation. We would like to thank A. Schinzel for suggesting the following argument to us. It remains to be verified that the following classes of groups do not have this property:
• non-abelian finite groups with exponent p, and
